We present a numerical study comparing semiclassical and quantum models of a damped, strongly interacting cavity QED system composed of a single two-level atom interacting with a single quantized cavity mode driven externally by a tunable monochromatic field. We compute the steady state transmission spectrum of the coupled system under each model and show that in the strong coupling regime, the two models yield starkly different results. The fully quantum mechanical model of the system correctly yields the expected multiphoton transmission spectra while the semiclassical approach results in a bistable spectrum.
Introduction
Electromagnetic interactions between atomic transitions and quantized cavity modes alter the energy structure of both systems in a way analogous to atomic interaction in molecular formations. Cavity quantum electrodynamics, as the field is called nowadays, has its origins in the pioneering studies of Purcell [1] , Casimir and Polder [2] and many other researchers [3, 4, 5, 6, 7] , leading to a flurry of experiments, including atoms near conducting planar surfaces [8, 9] , atoms in microwave cavities [7, 10] and other types of optical cavities [11, 12, 13, 14, 15, 16, 17] . From the early 1990s on-wards, cavity quantum electrodynamics has rapidly grown into one of the most vibrant sub-fields of atomic and optical physics [18, 19, 20] .
The strength of the atom-cavity interaction is often characterized using the dimensionless cooperativity parameter C = g 2 /2κγ, where g is the atom-cavity coupling strength, and γ and λ are the atomic and cavity decay rates, respectively. The value of the cooperativity parameter is used to demarcate the boundary between the weak and strong coupling regimes. In the weak coupling regime the value of the cooperativity parameter is less than unity (i.e., C 1) and dissipation dominates coherence. In the strong coupling regime where coherence dominates dissipation and decoherence, C 1. Early cavity QED experiments were largely confined to the weak coupling regime [21] due to the low quality factor of the then available cavities. improvements in cavity design and laser cooling techniques shifted the boundary of experimental research toward the strong coupling regime, leading to observations of novel phenomena such as photon blockade [22, 23] , photonpair production [24] and two-photon absorption at intensities far below levels at which nonlinear transitions normally occur [25] . Recently, there has been novel trends in cavity QED research including, use of solid state photonic cavities with artificial atoms, such quantum dots in micro-pillar or micro-cavity resonators [26] ; and circuit QED [28, 29, 30, 31] , which uses a superconducting cavity coupled to charge and flux qubits, transmons, fluxoniums, quantum dots and other atom-like entities [31, 32, 33, 34, 35, 36] . Yet another novel and promising variant of cavity QED in the optical domain which utilizes a fiber waveguide as resonator has recently been developed to generate entangled photons for quantum information processing [37, 38, 39, 40, 41, 42, 43, 44, 45] .
The novel systems offer much stronger coupling than traditional cavity QED as well as tunability and promise a whole range of new physics, including low power nonlinear optics, become a real possibility in cavity QED systems [46] . The field of cavity QED continues to be expanding with ever more promising systems emerging from its different variants with a push towards stronger coupling regimes where quantum mechanical effects become dominant [47, 48, 49, 26, 50, 51, 52, 53, 54, 55, 56, 57] . In the past decade, a new subfield focused on the so-called ultrastrong coupling regime where the atom-cavity coupling constant is comparable to a fraction of the bare atomic and cavity frequencies and the rotating wave approximation is no longer valid has emerged. [58, 59, 60, 61, 62] . The emergence of new systems with with stronger coupling between two level systems and cavity modes warrants detailed modeling of the dynamics of cavity QED systems. In this work, using a fully quantum mechanical model, we compute the multiphoton transmission spectrum of a generic cavity QED system under moderately strong coupling regime. This work is focused on a parameter region where the cooperativity parameter is much larger than unity (i.e., C 1) and the coupling strength is much less than the transition and mode frequencies (i.e., g (ω c , ω a ). We compare the results of the fully quantum mechanical model to those of the so-called semiclassical model, showing the inadequacy of the latter model to account for the dynamics of the system beyond single photon transition driving fields.
Model
To achieve the above stated goal, we use the first state the Hamiltonian the frame co-rotating with driving field of the cavity QED system as
The first and the second terms of the Hamiltonian represent the uncoupled atom and cavity energies whereas the last term represents the interaction energy between the cavity and the atom. In addition, σ = |g e| (σ † = |e g|) and a (a † ) are, respectively, the atomic inversion and cavity annihilation (creation) operators.
Furthermore, ∆ a ≡ ω a −ω l and ∆ c ≡ ω c −ω l , where ω a and ω c are atomic transition and cavity mode detunings, respectively, and ω a ≡ (E e −E g )/ and ω c are the atomic and cavity resonance frequencies, and ω l is the driving field frequency. In this work, we assume the dipole and rotating wave approximations to obtain the system Hamiltonian in Eq. 1. We also assume the atom to be motionless at the antinode of the cavity mode the coupling strength g is constant. Throughout this work we assume that values of the atom cavity coupling is much smaller than the frequencies of the atomic transition and the cavity mode. To probe its dynamical behavior, the system may be driven by coupling a tunable monochromatic field may to the end mirror of the cavity or to the atom from the side of the cavity. In the former case an additional term representing the coupling between the cavity mode and the driving field of the form η a † + a is added to the system Hamiltonian, whereas in the second case, a term Ω(σ † + σ) involving the coupling between the atomic transition and the driving field is added.
Here η and Ω represent the strengths of the couplings between the driving field and the cavity or the atom. In this work we consider only the former case.
Dressed states
The energy structure of the undamped atom-cavity system in the strong coupling regime is best understood by using the dressed state approach where the atom-cavity system is treated as a single entangled system and its eigenenergies and the eigenstates are found by diagonalizing its total Hamiltonian. The diagonalization process
where ω ± n are the eigenfrequencies and |+; n = cos θ n |e; n + sin θ n |g; n + 1 (3)
are the eigenstates, where |g; n + 1 ≡ |g ⊗ |n + 1 and |e; n ≡ |e ⊗ |n are product states of the uncoupled system (note |g and |e are the ground and excited states of the atom and |n , n = 0, 1, 2, ... are the cavity Fock states, respectively). The mixing angle θ n is defined as Figure 1 shows the energy structure of the coupled atom-cavity system. In the preceding analysis, we neglected the atomic and cavity dissipation which, when taken into account, render the diagonalization process intractable.
Consequently, to characterize the dynamical behavior of the system, one usually resorts to numerical methods. 
Dynamics of open atom-cavity system
In the preceding discussion, the effect of dissipation is neglected even though it plays a central role in shaping the behavior of the coupled atom-cavity system. Any realistic analysis of the dynamical behavior of such system has to take dissipation into account and the most direct way to achieving this is to use density operator formalism.
The density operator of a system obeys the master equation [63] 
In the above master equation H is the total Hamiltonian of the undamped system whereas the second and third terms represent the cavity and the atom dissipation, respectively, and the parameters γ and κ are the damped rates defined previously. The density operator offers a means of calculate statistical averages of the system operators. With knowledge of the density operator, For example, mean value of system operators as well as their products can be calculated. For example, the mean value of operator O is obtained by calculating the expectation value of the product of O and the density operator. In addition, the time evolution of the expectation value of O can be obtained by using Equation 6 and the cyclic properties of the trace such that Ȯ = Tr(Oρ), where Tr stands for trace operation andρ obeys the master equation [63] . In the case of the steady state properties of the system, the steady state value of the density operator is used to calculate steady state expectation values of system operators.
Equations of motion
The master equation provides a means for deriving dynamical equations for the expectation values of any of the the system operators. The complete dynamics of the atom-cavity system are contained in the equations of motion of the expectation values of the atomic inversion σ, population inversion σ z and the cavity field a operators. These operators obey the set of nonlinear, coupled differential equations
Under the so-called semiclassical approximation, the above equations are solved by approximating the ex- 
which involves the higher order operator product σ z a † a , which in turn obeys the differential equation
This equation of motion too involves the new operator products a † a and σ(a † ) 2 a whose equations of motion involve operator products involving higher powers of a and a † and the cavity field operators. Accordingly, the number of equations of motion to fully characterize the behavior of the system is potentially infinite. Under sufficiently weak driving conditions, only the lowest energy transitions occur and the process of producing new operator products terminates due to the fact that (a † ) m a n |i; n = 0 for some n > n . However, in general, the solution of the system involves potentially infinite number of coupled differential equations. In this work, we calculate the steady-state transmission spectrum of the system using the both the semiclassical and fully quantum mechanical models. In the quantum mechanical model, we calculate numerically the steady state expectation values of the atomic and cavity operators as functions of the cavity detuning ∆ c under various pump and dissipation conditions. In order to achieve this goal, we first calculate the steady state density matrix of the system iteratively using the master equation (Eq. 6) by utilizing the Quantum Toolbox in Python (QuTiP) framework [64] . We then calculate the expectation values of the system operators using the steady state density matrix. We also calculate the semiclassical steady-state transmission of the system as function of the detuning ∆ c by numerically solving factorized version of Equations 7 -9 for the expectation of the cavity field operator a with all the derivatives set to zero.
Results
Figures 3 and 4 show computed quantum mechanical transmission spectra of the resonantly-coupled atomcavity system as function of the cavity detuning (∆ c ) for different levels of dissipation and external driving field conditions. The computed intensity transmission of the cavity is proportional to the steady-state mean photon number a † a in the cavity. The individual curves in each of figure represent the cavity transmission under same atomic and cavity parameters but at different levels of driving field strength. The spectra in Figure The semiclassical spectra in these figure are multivalued functions of the detuning. Finally, Figure 8 shows the calculated transmission of the cavity as function of the driving field strength. The different curves in the figure correspond to cooperativity parameter values ranging from 1 to 6. The semiclassical transmission spectra of the cavity show bistable at higher driving fields at sufficiently low dissipation rates.
Discussion
Figures 3, 4, 6 and 7 present transmission of spectra of the quantum mechanical and semiclassical models of the resonantly-coupled atom-cavity system under different levels of driving field strength and dissipation conditions.
The fully quantum mechanical spectra, shown in Figures 3 and 4 , are based on computation of the steady-state mean cavity photon number a † a , whereas the semiclassical spectra in Figures 6 and 7 implies that the spacing of the peaks in the spectra decreases as 1/ √ n + 1. In general, the overall resolution of the spectrum depends on both the strength of the atom-cavity coupling, dissipation rates as well as the driving field strength. The spacing of the two branches of the spectrum and also the peaks within each branch depends primarily on the strength of the coupling (g) between the cavity mode and the atomic transition. The stronger the coupling, the larger the spacing between the two branches of the spectrum, and also the spacing between the peaks within each branch. For a fixed value of the coupling constant, the widths of the individual transitions and, consequently the overall resolution of the spectrum, depends on the value of the dissipation rates (κ, γ). For the case where dissipation dominating coherence, the multiphoton transition peaks are not resolved, as shown in Figure 3 . High dissipation degrades the resolution as well as the efficiency of multiphoton transitions. On the other hand, when coherence dominates the dissipation, the efficiency for the system to absorp multiple photons simultaneously becomes high as indicated by the multiphoton spectra in Figure 4 . In addition to exciting multiphoton transitions, strong driving field also saturates lower transitions. Table 1 Figures 6 and 7 show the semiclassical steady-state transmission spectrum of the atom-cavity system at various levels of the driving field strength. The spectra in Figure 6 correspond to a cooperativity parameter in the borderline between weak and strong coupling regimes (C = 4.5), whereas the data in Figure 7 correspond to the system parameters deeply in the strong coupling regime (C = 7.26 × 10 3 ). Under low driving conditions, both spectra consist a pair of peaks that get bent inward as the driving field strength increases and, unlike the fully quantum mechanical case, there are no multiphoton peaks. As the driving field increases further, the pair of peaks get distorted futher and develop a lope around ∆ c = 0 before joining into a single, very wide peak centered at ∆ c = 0. The multivalued nature of the semiclassical spectrum under high driving conditions is evidence of a single atom bistability. Figure 8 makes this point more evident by plotting the cavity transmission as function of the driving field intensity. These bistability curves, which are computed by solving the the steady state, factorized form of Eqs. 7-9 for a , are single-atom analog of the bistability curves for atomic ensembles in cavities [66] . Comparing the semiclassical and quantum mechanical calculations, it is evident that they lead to quite different results under sufficiently strong driving field conditions. The quantum model leads to multiphoton spectrum whereas the semiclassical model predicts the cavity transmission to be bistable. The semiclassical model neglects the coherences between the atomic and cavity operators. As a result, it yields good results only if the system is in the weak coupling regime where dissipates coherence or if the driving field is sufficiently weak such that multiphoton transitions are not excited. When these conditions do not hold, the semiclassical model does not predict the spectrum of the system correctly.
Lastly, it is worth commenting on the behavior of the atomic-cavity field operators, namely, a , σ and a † σ . Figure 5 shows the dependence of these operators on the the detuning and two interesting points may be notes. First, the real and imaginary parts of the mean value of the cavity field annihilation operator shows normal behavior. The real part of a shows dispersive character whereas the imaginary part shows absorptive character. On the other hand, the real part of σ show dispersive behavior without the π phase change across ∆ c whereas the imaginary part shows absorptive behavior with a phase change of π across ∆ c . Lastly, both the real and imaginary parts of a † σ show absorptive behavior. In all cases, the imaginary part has a much less value than the real part.
Conclusions
In this work, we explored numerically the behavior of generic single-atom cavity QED system using both semiclassical and fully quantum mechanical models and to show that the two approaches yield similar results under sufficiently low driving fields. More importanly, we showed that the two models yield starkly different results when the system is deeply in the strong coupling regime. Our analysis shows the semiclassical model to be unsuitable under such condition. Whereas the fully quantum mechanical model correctly predicts in a multiphoton spectra when the system in the deeply in the strong coupling regime, the semiclassical model incorrectly predicts single atom bistable spectra. Therefore, under conditions where the system parameters are sufficiently in the strong coupling regime, fully quantum mechanical analysis is warranted.
